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Engineers and students in communications and mathematics are confronted with transformations such
as the z-Transform, the Fourier transform, or the Laplace transform. Often it is quite hard to quickly
find the appropriate transform in a book or the Internet, much less to have a comprehensive overview
of transformation pairs and corresponding properties.

In this document I compiled a handy collection of the most common transform pairs and properties
of the

> continuous-time frequency Fourier transform (27f),

> continuous-time pulsation Fourier transform (w),

> z-Transform,

> discrete-time Fourier transform DTFT, and

> Laplace transform.

Please note that, before including a transformation pair in the table, I verified its correctness. Nev-
ertheless, it is still possible that you may find errors or typos. I am very grateful to everyone dropping
me a line and pointing out any concerns or typos.

Notation, Conventions, and Useful Formulas

Imaginary unit j2=-1

Complex conjugate z=a+jb +— 2"=a—jb

Real part Re {f(t)} = 5 [f(t) + £ (1)]

Imaginary part Sm{f()} = 35 [f() = f*(®)]

Dirac delta/Unit impulse o[n] = {(1): Z ; 8

.. . 1, n>0

Heaviside step/Unit step u[n] = {07 n<0

Sine/Cosine sin (z) = ejm;;ﬂ.z cos (z) = %

Sinc function sinc (x) = gmzﬂ (unnormalized)

Rectangular function reCt(%) = {(1) i :j i %

Triangular function triang (%) = rect(%) * rect(%) = {é B ‘Tﬂ :i: i ;:

Convolution continuous-time:  (f * g)(t) = fj;o f(r) g (t—m7)dr
discrete-time: (uxv)[n] =3 _ um]v*[n—m]

Parseval theorem general statement: [T f(t)g"(t)dt = [T° F(f)G*(f)df
continuous-time: T2 f@) Pt = [T |F(f)Pdf
discrete-time: ::100 |m[n]\2 = ﬁ fj: |X(6ju)|2dw

Geometric series Y oreo a* = 1;; > k=0 at = 1711';:1
in general:  >p_ af = %
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Table of Continuous-time Frequency Fourier Transform Pairs

ft) = F-HF(f)} = [T f(t)er> I taf

F(f)=F{f®)} = [T f(t)e 32 tat

transform iG] F(f)
time reversal f(=t) F(-f) frequency reversal
complex conjugation @) F*(—f) reversed conjugation
reversed conjugation f*(-t) F*(f) complex conjugation
f(t) is purely real F(f)=F*(-f) even/symmetry
f(t) is purely imaginary F(f)=—-F*(—f) odd/antisymmetry
even/symmetry f@)y=f*(-t) F(f) is purely real
odd/antisymmetry f@t)=—f*(-1) F(f) is purely imaginary
time shifting ft—to) F(f)e—i27fto
f(t)ei2mfot F(f — fo) frequency shifting
time scaling f(af) ﬁF (5)
\71|f (5) F(af) frequency scaling

F
=
F
T Ea
F
f
F
e
F
e
_F
e
F
e
R
F
F
F
e
ety
linearity af(t) + bg(t) PRCN aF(f) + bG(t)
time multiplication F)g(t) PE N F(f)=G(f) frequency convolution
frequency convolution f(t) xg(t) < F(HG(f) frequency multiplication
delta function o(t) SN 1
shifted delta function 5(t —to) PEESEN e~72mfto
1 PEE N S(f) delta function
ei2nfot =L §(f — fo) shifted delta function
two-sided exponential decay el a>0 2 a2+i‘:rgf2
6.77Vt2 <:>]: ejﬂ(%7f2)
sine sin (27 fot + ¢) PECN % [e=9%6 (f + fo) — €7®5 (f — fo)]
cosine cos (27 fot + @) = % [e796 (f + fo) + €7®5 (f — fo)]
sine modulation f(t)sin (27 fot) PEEN % [F(f+ fo)— F(f — fo)]
cosine modulation f(t) cos (27 fot) = % [F(f+ fo)+ F(f— fo)
squared sine sin? (t) <= i [26()—6(f— %) —-5(f+ %)]
squared cosine cos? (t) PEE N i [26(/)+6(f— %) +8(f+ %)]
< T
rectangular rect (%) = Lol s 2 PRCEN TsincTf
0 [t>35
id
. . 1-7 |t <T F .
triangular triang (%) = T St Tsinc? T
& e (r) {0 [t >T !
1 t>20 F
step Wlt) = 1o soe) () = {0 0L )
. 1 t>0 F 1
t) = = —F
signum sgn (t) {_1 t<0 T
. . F ) _ 1
sinc sinc (Bt) = 3 rect <§> = 51[7%’+%](f)
. . F
squared sinc sinc? (Bt) = 5 triang <%)
n-th time derivative dd;, f() < (G2rf)"F(f)
n-th frequency derivative t"f(t) PEESN ﬁ jf—iF(f)
ﬁ é e 2m|f]
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Table of Continuous-time Pulsation Fourier Transform Pairs

2(t) = Fo X ()} = [T a()eitde <22 X(w) = Fu{a()} = [T a(t)eIwtdt
‘Fw
transform x(t) = X(w)
time reversal x(—t) PEFEN X(—w) frequency reversal
complex conjugation z*(t) & X*(—w) reversed conjugation
reversed conjugation x*(—t) PN X*(w) complex conjugation
z(t) is purely real PEFEN X(f)=X*"(—w) even/symmetry
z(t) is purely imaginary PN X(f)=-X*(—w) odd/antisymmetry
even/symmetry z(t) = a*(—t) PN X (w) is purely real
odd/antisymmetry z(t) = —z*(—t) PN X (w) is purely imaginary
time shifting z(t — to) e X (w)e~Iwto
x(t)eIwot PN X (w —wo) frequency shifting
time scaling z (af) PN ﬁX (£)
\qux (5) PEFIN X (aw) frequency scaling
linearity az1(t) + bxa(t) PN aXi(w) + bXo(w)
time multiplication x1(t)z2(t) PEIN $X1 (w) * X2(w) frequency convolution
frequency convolution z1(t) * z2(t) Loy X1 (w)Xa(w) frequency multiplication
delta function o(t) VTN 1
shifted delta function o(t —to) PN e Jwto
1 Lo 276 (w) delta function
eJwot PEIN 216 (w — wo) shifted delta function
two-sided exponential decay ealtl g>0 <]::w> (123—712
exponential decay e~ %u(t) R{a} >0 Lo, aJ'_ljw
reversed exponential decay e~ %u(—t) R{a} >0 PN ajjw
€202 PEFIN oV2me” 2
sine sin (wot + ¢) PEFIN Jm [e79%6 (w+ wo) — €795 (w — wo)]
cosine cos (wot + ¢) PN 7 [e796 (w + wo) + 7?8 (w — wo)]
sine modulation z(t) sin (wot) PEFIN % [X (w+wo) — X (w—wo)]
cosine modulation z(t) cos (wot) PN % [X (w+ wo) + X (w —wo)]
squared sine sin? (wot) PN 72 [28(f) — 6 (w — wo) — J (w + wo)]
squared cosine cos? (wot) PN 2 26(w) + 6 (w — wo) + 8 (w + wo)]
<T
rectangular rect (%) _ s 2, DI T sinc (%)
0 [t>F
i}
triangular triang (%) -7 It <T <f——w> T sinc? (%)
0 [t| >T
1 t>0 Fw 1
ste u(t) =1 t) = = 7o(f) + —
b =10 = {3 120 N+ 4
. 1 t=>0 Fuw 2
signum sgn (t) = — =
& gn (¢t {—1 t<0 I
sinc sinc (T't) DTN rect (3%5) = 1[_WT’+7,T] )
squared sinc sinc? (T't) PECEN 1 7 triang (525)
n-th time derivative dt“ ) PEIN (Jw)" X (w)
n-th frequency derivative t" f(t) Loy " jf—T:LX(w)
. . 1 Fuw .
time inverse i = —jmsgn(w)




Marc Ph. Stoecklin — TABLES OF TRANSFORM PAIRS — v1.5.3

Table of z-Transform Pairs

o] = 27X (2)} = 55 f X(2)20 M == X(2) = Z{aln]} = X2 aln]a ROC
transform z[n] —= X(z) R,

. . zZ 1 1
time reversal z[—n] = X(3) o
complex conjugation z*[n] PHETEN X*(z*) R,
reversed conjugation x*[—n] = (Z%) %
real part Re{x[n]} =z %[X( )+ X*(2%)] R,
imaginary part Sm{z(n]} P2 % [X(z) = X*(2")] R,
time shifting z[n — no] £ 270X (2) Ry
scaling in Z a"xzn] == X (Z) la|Re

Jj2w
downsampling by N z[Nn], N € Ng PE SN ~ EN tx (szN) Wy = e N Ry
linearity az1[n] + bza[n] = aX1 (z) + bXa(z) R: N Ry
time multiplication x1[n]z2[n] P SIN 27” $ X1(u) X2 (2)u"tdu Ry N Ry
frequency convolution z1[n] * z2[n] P2 X1(2)Xa(t) Rz N Ry
delta function [n] e 1 vz
shifted delta function d[n — no] == z7 "o vz

z
step u[n] = P |z] > 1
z
—u[—n —1] = = |z| <1
ramp nun| PEEN ﬁ |z] > 1
z 1
n?uln) — (Zz(it)g |z| > 1
z 1
—n2u[—n — 1] = (Zii;;)g |z| <1
n3uln) = Z(Zztﬁ;fl) |z] > 1
z 244z41
—n3u[—n — 1] Z(Z(;__l’§4 ) |z] <1
z
(=)™ — Zj_l lz| <1
exponential a"un] = Phm |z| > |al
z
—a"u[—n —1] = hm |z| < lal
a™ tun — 1] PN Zia |z| > |al
na™u[n] == (Zaza)z |z| > |al
z
n?a™u[n) — ‘(‘j(jgg |z| > |al
e~ *u[n] = — |z| > |e™®|
z—e
. a® n=0,...,N—1 z 1—agN,—N
exp. interval {0 otherwise T |z| >0

. z i
sine sin (won) u[n] — % |z] > 1
cosine cos (won) u[n| zj; c;gﬁi‘:g’zll |z] > 1

= A
a™ sin (won) u[n] _;aacs;:(t‘)oo)i_‘_az |z| > a
z _
a™ cos (won) u[n| Z_(;a ;:?Z(OU;EBGZ |z| > a
differentiation in Z nz(n| == — dX(Z) R,
integration in Z % é Oz Xiz) dz Ry
1% (n—it1) amu[n] Z

a™m!

(z_a)7n+l

Note:

z—1

1—2-1
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Table of Common Discrete Time Fourier Transform (DTFT) Pairs

z[n] = i j: X (e9%) eI duw PEEEEN X(eI¥) = Z;L"io_oo x[n]e—Iwn
transform z[n] L X (e7¥)
time reversal z[—n] L X(eIv)
complex conjugation x*[n] DI, X*(e™Iw)
reversed conjugation z*[—n] LI X*(edw)
z[n] is purely real L X(eI¥) = X*(e7I¥) even/symmetry
z[n] is purely imaginary FEEN X (eI%) = —X*(e7Iv) odd/antisymmetry
even/symmetry z[n] = z*[—n] PEEEN X (e7¥) is purely real
odd/antisymmetry z[n] = —z*[—n] LA X (e7*) is purely imaginary
time shifting z[n — no) FEUEN X (edw)e~dwno
x[n]edwon DI, X (ed(w=wo)) frequency shifting
w—2rk
downsampling by N z[Nn] N € Np £z % ZkN:_Ol X~ )
n - .
upsampling by N r [N] n=kN PREEN X (eINw)
0 otherwise
linearity az1[n] + bxa[n] S aX1(e9¥) + bX2(elw)
time multiplication z1[n]z2(n] L X1 (e7%) * Xo(ed¥) = frequency convolution
= [T X1 (709 X5 (7 ) do
frequency convolution z1[n] * z2[n] 225 X1(e99) Xo(eI¥) frequency multiplication
delta function 8[n] &5 1
shifted delta function d[n — no] FELEEN e~Jwno
1 2 5(w) delta function
efwon AL §(w — wo) shifted delta function
sine sin (won + ¢) PR %[e’j¢z§ (w+ wo + 27k) — eTI95 (w — wo + 27k))]
cosine cos (won + ¢) DI %[e*jég (w4 wo + 27k) + eTI95 (w — wo + 27k)]
1 |n|<M DTFT sin[w(M+3)]
rectangular rect (15) = - 2
8 ( M) {O otherwise sin(w/2)
step u[n] FEEN H%Jw + %S(w)
. DTFT 1
decaying step a™u[n] (la] < 1) = p— i
special decaying step (n + 1)a"uln] (la| < 1) prrl a l,jw)2
—ae
sinc sin(wen) _ we gine (wen) LLEL rect (i) 1 el <we
™ 4 we 0 we<|wl <7
1 0<n<M DTFT, si ;
mo_ 1) _ Y Y sinfw(M+1)/2] —jwM/2
MA rect (7 —3) = {O otherwise sin(w/2) ¢
1 0<sn<M-1 DTFT sinfwM /2] _; -
n__ 1) _ sin jw(M—-1)/2
MA - rect <M*1 2) {0 otherwise sin(w/2) ©
derivation nzn| L J %X(ej“’)
difference z[n] — z[n — 1] PEEN (1 — e 9)X (eI%)
a" sin[wg(n+1)] DTFT 1
sin wg u[n] |a‘ <1 1—2acos(w0e—1“’)+a26_72“’
Note:
- R +o0
o(w) = Z 0(w + 27k) rect(w) = Z rect(w + 27k)
k=—o0
k=—
Parseval: -
—+oo

+
S el = — [ X(e)Pde
2m ) _n

n=—oo



Table of Laplace Transform Pairs
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F(t) = L7H{F ()} = 5 timr oo [THT F(s)estds

F(s) = L{f(0)} = [13 f(D)etdt

L
GE=
transform £ P T F(s)
complex conjugation ) =L F*(s*)
time shifting ft—a) t=za>0 PRSI a" % F(s)
et f(t) PRI F(s+a) frequency shifting
time scaling f(at) =t ﬁF(i)
linearity afi(t) + bf2(t) =t aF(s) + bFs(s)
time multiplication f1(t) f2(¢) PRSI Fi(s) * Fa(s) frequency convolution
time convolution f1(t) = f2(¢) P T Fi(s)Fa(s) frequency product
delta function 5(¢) =t 1
shifted delta function (t —a) £ e—as exponential decay
. L 1
unit step u(t) = <
ramp tu(t) PRSI %2
parabola t2u(t) =t S%
n-th power " PN Srﬂ!—l
. —at £ 1
exponential decay e — P
two-sided exponential decay e—altl PRSI a22fs2
_ L
I S
_ L
(1 — at)e at e ﬁ
exponential approach 1—e ot PRI ﬁ
. : L w
sine sin (wt) = T
. £ s
cosine cos (wt) = el
hyperbolic sine sinh (wt) == 2
hyperbolic cosine cosh (wt) =t it
exponentially decaying sine e~ % sin (wt) £ (S+a;g+w2
exponentially decaying cosine e~ cos (wt) £ G +Z;L2a+w2
frequency differentiation tf(¢) P TN —F'(s)
frequency n-th differentiation t" f(¢) =t (=) F™)(s)
L
e
L
e
L
—
ety
é

time differentiation "(t) = %f(t) sF(s) — f(0)
time 2nd differentiation @) = :Téf(t) s2F(s) — sf(0) — f'(0)
time n-th differentiation Mm@ = (;% (t) sPE(s) —s"Lf(0) — ... — f(n=1)(0)
time integration fg f(r)dr = (ux* f)(¢) %F(s)
frequency integration %f(t) [ F(u)du
time inverse @) F(S);f_l
—1 -2 —n
time differentiation () PRI % + fsin,(o) + fs?_(?) +...+ ff«))




